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Abstract: This paper proposes an equivalent circuit model and formulation for presentation of characteristic harmonic components
generated by full wave diode rectifiers for nonuniform load currents. In conventional equivalent circuits, only the uniform current
harmonics on AC side of converters are considered. For an exact and general analysis, the proposed model involves both nonuniform
current harmonics on AC side and voltage harmonics on DC side of the rectifiers. The obtained expressions are valid for a general load
state without simplifying. The proposed model converts the full-wave diode rectifier into a linear circuit with regards to harmonics.
The model depends on Fourier series expansion for the load voltage and the source current waveforms. Simulation results and
exprerimental results validate the proposed model and the given expressions
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Harmoni¢éno modeliranje polnovalnega
diodnega usmernika za nekonstantne
bremenske tokove

Izvle¢ek: Clanek predlaga model ekvivalentnega vezja za predstavitev karakteristi¢nih harmonskih komponent, ki jih proizvaja
polnovalni diodni usmernik za nekonstantne bremenske tokove. V obicajnih ekvivalentnih vezjih so obicajno upostevani le konstantni
tokovi na AC strani. Predlagan model, za natan¢no analizo, vkljucuje tako nekonstantne tokovne harmonike na AC strani kakor tudi
napetostne harmonike na DC strani usmernika. Tako dobljeni izrazi veljajo za splosno breme brez poenostavitev. Predlagan model
pretvori polnovalen diodni usmernik v linearno vezje z upostevanjem harmonikov. Temelji na razvoju Fourierove vrste za bremensko
napetost in valovnem vhodnem toku. Simulacijski rezultati in poizkusi potrjujejo predlagan model.

Kljuéne besede: Nadomestno vezje, harmonski model, nekoonstanten tok, diode
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1 Introduction

The purpose of harmonic studies is to quantify the dis- their switching processes. The most commonly seen
tortion in voltage and/or current waveforms at various are power electronic devices, (2) Devices that gener-
locations in a system. The need for a harmonic study ate harmonics due to their nonlinear voltage-current
may be indicated by excessive measured distortion in characteristics [1-3] such as transformers, reactors, ac
existing systems or by installation of harmonic produc- arc furnaces; (3) Hybrid devices that include both types
ing equipment. One important step in harmonic stud- of aforementioned devices such as DC arc furnaces and
ies is to characterize and to model harmonic-generat- fluorescent lamps with electronic ballasts [4-5]; and (4)
ing sources. Devices such as rotating machines that harmonics are

generated because of nonsinusoidal flux distribution
In generaL major harmonic sources can be catego_ in the stator and the harmonic interaction between the
rized as (1) Devices that generate harmonics during stator and field windings [6].
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The AC/DC converters are one of the most important
harmonic sources in electrical systems. Accurate har-
monic analysis of AC/DC converters has got more at-
tention in the last decades. Many harmonic models
have been proposed for representing power electronic
devices [7-10]. The most common model is in the form
of a harmonic current source, which is specified by its
magnitude and phase spectrum. Three basic approach-
es used to build detailed models include developing
analytical formulae for the Fourier series as a function
of terminal voltage and operating parameters for the
harmonic source, developing analytical models for
harmonic source operation and solving for its current
waveform by a suitable iterative method, and solving
for harmonic source steady-state current waveform
with time-domain simulation. A more practical ap-
proach for the harmonic analysis of an electrical sys-
tem containing many converters is to use time domain
simulation [11]. The interaction between the AC and
DC side harmonics in a converter system must be cor-
rectly represented.

A time domain sampled-data model method for the
computation of the ac current and dc voltage harmon-
ic generated by a capacitor filtered three-phase un-
controlled rectifier is presented in [12]. The approach
employs numerical iteration to determine the diode’s
turn-on and turn-off times and thereby determine the
circuit’s steady state solution. In [13], harmonic currents
of three phase bridge uncontrolled rectifier are ana-
lyzed in both continuous domain and discrete domain.
Moreover, the further analysis on boundary condition
for harmonic current is put forward and generalized.
Modeling and simulation of 6-pulse and 12-pulse recti-
fiers with impacts to input current harmonics are given
in [14]-[15]. The paper [16] develops a systematic state-
space approach to the modeling of boost type ac-dc
converters and reduction of output ripples. The bridge
rectifier voltage is modeled as a periodic disturbance
whose harmonics have given frequencies but uncer-
tain phases and magnitudes.

A possible alternative to time domain simulation is
frequency domain methods [17-19]. Noncharacteristic
line current harmonics of AC/DC converters with high
dc ripple are investigated by assumption of negligible
small commutation in [20]. By means of frequency do-
main analysis, analytical models are derived based on
the first terms of the series expansion of the switching
function. A MATLAB-based method to calculate the
harmonic amplitudes of rectifier’s DC-side output cur-
rentis given in [21].

In primary investigations of harmonics relating to con-
verters, the current on DC side of the converter systems
was assumed uniform that resulted rectangular current
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in AC side of the converter. In this approach, the order
and magnitude of harmonics could be calculated sim-
ply. Although considering more details about convert-
er structure and possible practical conditions causes
complexity in harmonic analysis, it results in real and
accurate converter harmonics spectrum. Therefore,
different methods are required to analyze current con-
verter accurately. Using transfer functions or switching
function, solving state equations of system, converter
models in frequency domain, and solving time domain
equations of the converter numerically are samples of
these investigations [18, 22-23]. For general and accu-
rate analysis, nonuniform structures of currents on DC
and AC sides of converter systems must be considered.

In this study, the exact electrical equivalent circuit
and expressions of AC/DC converters with respect to
harmonics are introduced. Although the AC/DC con-
verters are switching circuits, the method converts
the switching circuit into a linear circuit with regards
to harmonics. The paper is organized as follows. First,
the conventional equivalent circuits of the rectifiers are
pointed out, then a new equivalent circuit with respect
to harmonic currents on the AC side and output volt-
age harmonics on DC side of the rectifiers is proposed.
The model and expressions are developed for non-con-
stant valued/nonuniform load currents.

2 Conventional equivalent circuit of

Sfullwave rectifiers

Converters or rectifiers using semiconductor switching
devices generate harmonics caused by the behavior
of switching. The circuit configuration of a full-wave
diode rectifier, of which the equivalent circuit will be
described in detail, is shown in Fig.1. The diodes are as-
sumed to be ideal.

ia(t)

uy(t)

U, sinmt

ug(t)

Figure 1: Configuration of a full wave diode rectifier

In a full wave diode rectifier, the output voltage, u,(t), is
not dependent on the load in case that the equivalent
serial resistance and inductance of the source are zero.
The source current, i(t) has a bidirectional form of the
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load current, iy(t). In conventional equivalent circuits,
the amplitude of harmonic currents generated by a
diode rectifier is considered to be constant by using a
smoothing reactor on the DC side. For the condition of
constant/uniform load current, in conventional equiva-
lent circuits, the rectifier has been widely considered as
an ideal current source for harmonics as follows

Rectifier

u(t)y
Usinmt G)

Figure 2: Conventional equivalent circuit to i,(t) on AC
side

With regard to this condition, the load voltage/current
and the source voltage/current of Fig.1 are available in
many textbooks [24] and also given in Fig.3.

A ug(t)
Um Id
> (Ot
T 21 3n
(a) Load voltage and current
A us(t)
15(t)
Id 1 ) 1
: . - ot
_Id | ] ]

(b) Source voltage and current
Figure 3: Waveforms relating to conventional situation

In Fig.1 and Fig.2, the resistor R_and inductor L_repre-
sent the source internal impedance. Relating to a uni-
form load current, the average values of the load volt-
age and load current in Fig. 3 are given as follows.

U, = 2Un (1.2)
T
U
I, =—4 1.b
d R, (1.b)
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3 Proposed equivalent circuit and

formulation for nonuniform load

currents

In conventional equivalent circuits of rectifiers, for con-
stant valued/uniform load currents, current harmonics
on AC side are considered. Whereas, in general situa-
tion, load and source currents are not always uniform
as shown in Fig.4, in steady state. Moreover, in recti-
fier circuits, there are both current harmonics on AC
side and voltage harmonics on DC side. For an exact
and general analysis, it is necessary to deal with both
harmonics not having uniform structure. For this pur-
pose, a new equivalent circuit model containing both
nonuniform current harmonics and voltage harmon-
ics is proposed. The model depends on Fourier series
expansion for the load voltage and the source current
waveforms.

/us(t) |
- 15(t)

1
]

A

Figure 4: Waveforms relating to nonuniform current
situation

First, Let’s consider the output voltage harmonics in DC
side of the rectifier circuitin Fig.1. In the rectifier circuits,
an AC source is processed through a set of switches to
create a well-defined waveform. We can represent the
combined action of an actual source (AC source) and a
set of switches by an equivalent source. The equivalent
source provides a very strong advantage: The new cir-
cuits are linear, and avoid the nonlinearity and compli-
cation of switches. We can use superposition, Laplace
transforms, or other techniques from linear network
analysis to analyze rectifiers. Based on superposition, a
term-by-term for the Fourier series of the current and
voltage in the rectifier circuits can be solved. Equiva-
lent voltage source, u (t), applied to the load in Fig.1, is
presented in Fig.5.

The equivalent voltage source, u (t), contains both the
fundamental component and harmonic components
of the load voltage. The waveform of equivalent source,
thereby the output voltage of the rectifier circuit, is giv-
en in Fig.3.a. The Fourier series for the voltage u (t) can
be expressed in trigonometric form as
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14(t)
Rp
+
uq(t) G)
L
DC side

Figure 5: Equivalent voltage source, u,(t), applied to

the load
2
n*-1

Every component of Fourier series corresponds to a
voltage source. They are symbolized as U, u ,(t), u_,(t),
in Fig.6, where U_ is average load voltage as DC source,
u,(t) is a AC source having o, frequency, u,(t)isa AC
source having o, frequency,

2U,
T

2U,

-3

n=2,4,6...

u,(t)= jcos(n(x)t) 2)

Second, Let’s deal with the current harmonics on AC
side of the rectifier circuit in Fig.1. For this purpose,
first, the load current on DC side must be defined. For
general situation, the nonuniform load current, i,(t),is
expressed by Fourier series as follows,

iy="el Lo ¥ [ L lostnot=0,)} (3)
TRy waFe A0 =1} R+ (nol)?
_, nwL
where, ¢, =tan” —
L
14(t)
+
Uq —
+ RL

£
()
\_/

ug(t) <

Udn (t)

+

-
’

Figure 6: Equivalent voltage sources corresponding to
Fourier series
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Equation (3) is equal to (1.b) in case that the load cur-
rent is uniform, inductance L is large enough. Equation
(3) relating to the nonuniform load current, i4(t), can be
partitioned as follows

14 () =L, +14 (1) +14, (1) (4)
Where, |, is the DC component (average current), i,
and i, represent the fundamental (first) component,

the harmonic components of the load current, respec-
tively. Since i (t) has even harmonics, i (t) is equal to 0.

The source current on ACside, i (t), is dependent on the
load current, i (t). Although the current on DC side of
the converter is a rectified, accordingly unidirectional
current, the current on AC side of the converter is bidi-
rectional as shown in Fig.4. In other words, the source
current has a bidirectional form of load current. In or-
der to express the nonuniform source current, first,
the DC component of load current, |, is converted into
bidirectional form as shown in Fig.3b. This rectangular
current, i_(t) is expressed by Fourier series as follows,

i,(m=Y ild sin(nwt) (5.a)
n=1,3,5,.. 1
isa (t) = isaf (t) + isah (t) (Sb)

In (5.a), the current | is equal to (1.b). i . andi_, rep-
resent the fundamental component, the harmonic
components of current i_(t), respectively. In order to
express the nonuniform source current, second, the
harmonic components of load current, i, (t), are sepa-
rated from (3).

. 20, < 2 -1
iy0="" % ( cos(n0t—9,) (6)
n=2,4,6...

~1} R +(noL)’

The exact expression of nonuniform source current,
i(t) is given in (7). Where, k=1 1. The load current has
a rectified form of source current. The positive portion
of i(t)is the same as i (t) and k=1. On the other hand,
although the negative portion of i(t) is the inverse of
i(t), k is taken as —1.

i, () =i, (t)+k-i,(t)

. N 8U . 2U
i.(t)= D sin(nwt) + k- =
(1) 2 R, S =

-1
————— |cos(nwt—@,)
{,/Rﬁ +(nwL)> ]

As seen from (7), the nonuniform source current con-
tains both odd and even harmonics. Now, Let’s deal
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with the input voltage of converter, u,(t), in Fig.(1).
Since this voltage is dependent on the source current,
i(t), thereby the load current, itis modeled by a current
controlled voltage source, which is controlled with the
source current, in Fig.7. Since the load/source current is
not uniform, the harmonic voltage source has a nonu-
niform wave form.

di (1)
dt

s 8U. |, L® .
u (t)=u.(t)— n /R +——sin(nwt + +
a( ) s( ) n:%’m nanL N nzwz ( (Pa)

u,(t)=u,(t)-Ri(t)-L,

W, < ( 2 1
NELA ( 2 — : (®)
T a6\ 1 \/RL +(nwL)
2
R+ L sin(nowt—@, —¢,)

s HZ(DZ

Now, to derive the circuit relating to nonuniform struc-
ture containing harmonic currents on AC side and har-
monic voltages on DC side of rectifiers, we discuss an
equivalent circuit in Fig.8. This model, primarily, is a
combination of Fig.5 and Fig.7.

L R
— 11—
1i(t)
u(t) é) AL ()
AC side

Figure 7: Representation of dependent harmonic volt-
age source

Since the equivalent circuit shown in Fig.8 contains
both AC side and DC side of the rectifier circuit, it meets
the need for exact analysis of the rectifier circuit. Ow-
ing to this approach, the switching circuit is converted
into a linear circuit with regards to harmonics. Thus, any
circuit analysis technique can be used to analyze the
rectifier circuit.

Ty Ri  yomemmmemmcmmmcmmmemmacnmmcnen iy(t)
A %—d*ﬁ
i(t) i i Re
wly % J -
| o
i —
ACside  Fmmmmmmmmmmmmsmmmessemoooeee- ' DC side
Rectifier

Figure 8: Exact harmonic model of rectifier circuit
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From the point of harmonic studies, the equivalent
circuit can be divided into two subcircuits: one is an
equivalent circuit to the fundamental component and
the other is an equivalent circuit to harmonics.

First, the equivalent circuit to the fundamental com-
ponents on both AC side and DC side of the rectifier is
discussed. In this case, the first harmonic components
of dependent voltage source, u,(t), and voltage source
u,(t) in the model are considered: u_(t), u,(t). The
source voltage, u (t) remains unchanged. According to
(2), Since u(t) has even harmonics, u,(t is equal to 0.
The equivalent circuit to the fundamental components
is obtained as in Fig.9.

SRS "R ——
TN :

Wo | R
+ ' + :
us(t)@ j o B
' o~ = 3

| N %L

ACside  fmmmmmmmmmmmmmesmmomeeeeooo ' DC side

Rectifier

Figure 9: Equivalent circuit to fundamental compo-
nents

Next, the equivalent circuit to harmonic components
on both AC side and DC side of the rectifier is dis-
cussed. This equivalent circuit can be obtained under
the condition that the source voltage u (t)=0 and the
first component of harmonic voltage source u,(t)=0in
Fig.8. The equivalent circuit to harmonics is shown in
Fig.10. u_(t) and u,(t) represent the sources relating to
harmonic components. By this linear circuit, it can be
obtained the desired harmonic components of rectifier
as seen in Section IV.

L, Ry oo
— N
-y :
ish(t) i
b Uan(t) * udh(t)C
AC side SeRess s S e e s s ' DC side

Rectifier

Figure 10: Equivalent circuit to harmonic components

4 Simulation and experimental
resulls

The full wave diode rectifer in Fig.1 is practised experi-
mentally. The internal impedance, R, and L, on AC side
of the rectifier are 2Q), TmH and the load resistance R,
and load inductance L on DC side are 96Q and 200mH,
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the max. value of the source voltage U _ is 92V and the
frequency is 50Hz. The diodes are assumed to be ideal.
The measurements are obtained by a power quaility
analyzer.

The simulations results and experimental results are
given in Fig.11 and Fig.12, respectively. The load volt-
age, u(t), load current, i(t) and source current, i(t)
waveforms relating to the exact equivalent circuit in
Fig.8 are given in Fig.11.
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(a) Load voltage, u,(t)
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=1 1 1 1 1 1 | 1
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(c) Source current, is(t)

Figure 11: Simulation results relating to the equivalent
circuit

The experimental results to load voltage, u,(t), load cur-
rent, id(t), and source current, is(t) are given in Fig.12.

The fundamental component of source current, i(t), re-
lating to Fig.9 are given in Fig.13. The desired harmonic
components can be easily obtained by the proposed
model. The waveform of harmonic components, i, (1),
except the fundamental component, of source current,
relating to Fig.10 is given in Fig.14.
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Figure 12: Experimental results relating to Fig.1
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Figure 13: Simulation result relating to fundamental
component, isf(t)
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Figure 14: Simulation result relating to harmonic com-
ponent, ish(t)

b Conclusion

For an accurate harmonic analysis of converter cir-
cuits, the adequate models of harmonic sources are
required. For a general analysis, the paper describes
the exact equivalent circuit containing nonuniform
current harmonics on AC side and voltage harmonics
on DC side of rectifiers. The exact formulation relating
to the solution and the model is also given. The main
contribution of paper is that the circuit model is gen-
eral because it contains both source/load impedances
and nonuniform load currents. By the proposed model,
the switching circuit is converted into a linear and non-
switched circuit with regards to harmonics. The desired
harmonic components are easily obtained by the pro-
posed model. This appraoach can be also applied to
other rectifier structures.
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