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Abstract.

A unified theoretical framework for interband optical absorption in semiconductor quantum wells
and periodic superlattices is developed within the effective-mass approximation and the envelope-wave-
function formalism. Carrier states are obtained for isolated quantum wells with infinite and finite barriers
and extended to periodic superlattices using transfer-matrix and Bloch analyses. Analytical expressions are
derived for the optical transition probability, optical joint density of states, and absorption coefficient, and
numerical calculations are performed for an InAs/InAsSb type-II superlattice using experimentally reported
structural parameters. The calculations reproduce the transition from the blue-shifted, step-like absorption
of isolated quantum wells to the broadened near-edge response of superlattices governed by miniband
dispersion and the electron—heavy-hole envelope-function overlap. The calculated ground-state transition
threshold and absorption coefficient show reasonable agreement with published room-temperature
measurements, supporting the applicability of the proposed framework to infrared semiconductor
heterostructures.
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Medpasovna opticna absorpcija v polprevodniskih
kvantnih jamah in supermreZah.

Enotna analiza efektivne mase z vidika omejitve,
tuneliranja in disperzije mini pasov

Izvle¢ek

V okviru aproksimacije efektivne mase in formalizma ovojne valovne funkcije je razvit enoten
teoreticni okvir za medpasovno opti¢no absorpcijo v polprevodniskih kvantnih jamah in periodi¢nih
supermrezah. Stanja nosilcev so dolo¢ena za izolirane kvantne jame z neskon¢nimi in kon¢nimi pregradami
ter razSirjena na periodicne supermreze z uporabo analize prenosne matrike in Blochove analize. Izpeljani
so analiti¢ni izrazi za verjetnost opticnega prehoda, skupno gostoto opti¢nih stanj in absorpcijski koeficient,
izvedeni pa so tudi numeri¢ni izracuni za supermrezo tipa II InAs/InAsSb z uporabo eksperimentalno
poroCanih strukturnih parametrov. Izracuni ponazarjajo prehod od modro pomaknjene, stopniCaste
absorpcije izoliranih kvantnih jam do raz§irjenega odziva supermreZ v blizini roba, ki ga doloc¢ata disperzija
minibandov in prekrivanje ovojnih funkcij elektronov in tezkih luken;j. Izracunani prag prehoda v osnovnem
stanju in absorpcijski koeficient se razumno ujemata z objavljenimi meritvami pri sobni temperaturi, kar
podpira uporabnost predlaganega okvira za infrardece polprevodniske heterostrukture.

Kljuéne besede: medpasovna opti¢na absorpcija; polprevodniSske kvantne jame; polprevodniske
supermreze; kvantno omejevanje; minipasovna disperzija; aproksimacija efektivne mase; opti¢na gostota
stanj; polprevodniSke heterostrukture

1. Introduction.

Low-dimensional semiconductor heterostructures such as quantum wells and superlattices have
attracted sustained interest because their electronic and optical properties can be tailored through nanoscale
structural design. When semiconductor layers with different band gaps and band offsets are combined,
carriers become confined along the growth direction while remaining nearly free in the plane of the layers.
This reduced dimensionality modifies the carrier spectrum, transforms the density of states, and strongly
affects the threshold behavior and line shape of interband optical absorption. As a result, quantum-confined
heterostructures provide a versatile platform for the development of spectrally selective photodetectors,
optical modulators, absorbers, and other optoelectronic devices. Related ZnO/Si heterojunction solar-cell
studies further highlight that band alignment, interface quality, and carrier-transport control are critical
parameters governing the photovoltaic and optoelectronic performance of semiconductor heterostructures
[1]. The relevance of quantum-well absorption engineering to optical modulation has been demonstrated in
strained quantum-well structures, where theoretical and experimental analyses linked confinement and
strain effects to the absorption response [2]. Such confinement-engineered absorption is directly relevant
to multiple-quantum-well optoelectronic structures, including GaNAsBi-based MQW:s designed for optical
response near the telecommunication wavelength of 1.55 pm [3].

In isolated quantum wells, size quantization produces discrete electron and hole subbands and a
two-dimensional optical density of states. In periodic superlattices, finite-barrier tunneling couples
equivalent states in neighboring wells and transforms the discrete levels into dispersive minibands. A
consistent comparison of these regimes is required to distinguish the respective roles of confinement, barrier
penetration, and interwell coupling in determining the absorption spectrum.

Although quantum wells and superlattices have been extensively studied, a compact treatment that
compares both systems within the same analytical and numerical framework remains useful. Such a



formulation should distinguish the contributions of quantum confinement, finite-barrier penetration,
miniband dispersion, and envelope-function overlap to the measured optical response.

In this work, carrier states are derived for isolated quantum wells with infinite and finite barriers
and for periodic superlattices described by transfer-matrix and Bloch methods. These states are used to
formulate the optical transition probability, optical joint density of states, and interband absorption
coefficient. The numerical analysis is performed for an InAs/InAsSb type-II superlattice using
experimentally reported structural and band-edge parameters.

The contribution of the present work is the use of a common effective-mass formalism to connect
isolated-well confinement, finite-barrier tunneling, superlattice miniband dispersion, and interband
absorption. In addition to the analytical comparison, the model is evaluated through a g-resolved calculation
of the transition energy and electron—heavy-hole overlap for an experimentally characterized InAs/InAsSb
type-1I superlattice.
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Figure 1. Structure—optical-response pathway in a semiconductor superlattice. The well width a,
barrier width b, superlattice period d = a + b, and barrier height V determine interwell tunneling and
miniband formation. The resulting g-dependent electron and heavy-hole states control their envelope-
function overlap and interband optical-transition strength, thereby determining the absorption coefficient
and infrared spectral response of the superlattice.

2. Physical Model and Basic Assumptions.

The systems considered in this work are low-dimensional semiconductor heterostructures formed
by alternating semiconductor layers with different band-gap energies, which produce band alignment and
corresponding conduction- and valence-band offsets at the interfaces [4]. An isolated quantum well is
treated as a one-dimensional confinement potential along the growth direction, whereas a superlattice is
represented by a periodic arrangement of quantum wells and barriers with structural period d = a + b,
where a and b denote the well and barrier widths, respectively [5]. This idealized superlattice model is
directly connected to experimentally realized type-II superlattice absorbers. For instance, Webster et al.
studied MBE-grown InAs/InAsSb superlattices on GaSb substrates and extracted their absorption
coefficients using room-temperature spectroscopic ellipsometry. The periodic InAs/InAsSb layer sequence
in their structures serves as a practical experimental realization of the alternating well-barrier potential
considered in the present work. This correspondence indicates that the periodic potential approximation
used here provides a physically relevant basis for interpreting the optical absorption response of real type-
IT superlattice heterostructures. Because the heterostructure is translationally invariant in the layer plane,
carrier motion is treated as free in the in-plane directions and quantized only along the growth direction.
This quasi-two-dimensional description captures the confinement-induced modification of the carrier
spectrum that governs interband optical absorption. As schematically shown in Fig. 2(a), confinement along



the z direction produces discrete subband levels, whereas Fig. 2(b) illustrates the parabolic in-plane
dispersion associated with free carrier motion in the layer plane [6-8].

The confining potentials for electrons and holes arise from the discontinuities of the conduction-
and valence-band edges at the heterointerfaces. The active layer, characterized by a smaller band gap, forms
a potential well, whereas the surrounding wider-gap layers act as barriers. For the type-1I InAs/InAsSb
superlattice considered in the numerical analysis, the electron and heavy-hole confinement potentials are
distinct: electrons are localized predominantly in the InAs-rich layers, whereas heavy holes are confined
mainly in the Sb-rich InAsSb layers. In an isolated quantum well, this confinement leads to discrete size-
quantized subbands. In a periodic superlattice, however, tunneling through the barriers couples neighboring
wells and causes these discrete levels to broaden into minibands. The distinction between discrete subbands
and dispersive minibands is central to the present study, since it governs the threshold behavior and spectral
shape of interband optical absorption.

The theoretical treatment is based on the effective-mass approximation and the envelope-wave-
function formalism. Within this approach, the carrier states near the relevant band extrema are described
by slowly varying envelope functions multiplying the corresponding Bloch states. The approximation is
valid when the characteristic confinement length is sufficiently larger than the lattice constant, allowing the
microscopic crystal potential to be represented through material-dependent effective masses and band
offsets. The theoretical justification of the effective-mass approximation in semiconductor microstructures
supports its use when the envelope function varies slowly on the scale of the lattice constant [9]. As a
consequence, the heterostructure problem is reduced to solving one-dimensional envelope-function
equations with piecewise-defined parameters in the growth direction.

For analytical transparency, the present model is formulated within the single-particle
approximation. Electron-hole Coulomb interaction, excitonic effects, many-body renormalization, and
carrier scattering processes are not included explicitly. Furthermore, the interfaces are assumed to be abrupt
and ideal, while interface roughness, alloy disorder, impurity effects, internal electric fields, and strain-
induced perturbations are neglected. Under these assumptions, the calculated absorption characteristics
represent the intrinsic confinement-driven optical response of idealized quantum-well and superlattice
structures.

This model provides a unified framework for describing both isolated and periodically coupled
heterostructures. In particular, it enables the roles of structural confinement, barrier penetration, and
interwell tunneling to be analyzed consistently in relation to the absorption edge, the optical density of
states, and the resulting spectral line shape. Such a formulation is especially useful for identifying the
physical origin of step-like absorption in quantum wells and its gradual smoothing in superlattices due to
miniband dispersion.

(a) (b) Energy dispersion

Figure 2. Schematic illustration of carrier confinement and energy dispersion in a semiconductor
quantum well. (a) One-dimensional band-edge profile along the growth direction z, showing the conduction
band E.(z) and valence band offsets that form a finite potential well of width (a). Quantum confinement
leads to the formation of discrete electron subband levels E;, E,, and E5, with corresponding envelope wave
functions localized within the well and partially penetrating into the barrier regions. (b) In-plane energy



dispersion of the quantized subbands, illustrating the quasi-two-dimensional nature of carrier motion. While
carriers are confined along the growth direction, they remain free in the (x)—(y) plane, resulting in parabolic

21,2
subband dispersions described by E, (k) = E, + 27:”
the threshold energies for interband optical transitions.

. The band gap E; and subband separation determine

The schematic potential profiles introduced above form the basis for the carrier-state analysis
presented in the following section. As shown schematically in Fig. 3(a), a semiconductor superlattice is
formed by a periodic sequence of quantum wells and barriers, producing a one-dimensional confinement
potential with period d = a + b. In contrast to an isolated quantum well, where the carrier spectrum
consists of discrete size-quantized levels, the finite barrier transparency in a periodic structure enables
tunneling between neighboring wells. As a result, the corresponding confined states are no longer strictly
localized, but broaden into minibands, as illustrated in Fig. 3(b). This miniband formation introduces an
additional dispersion of the carrier energy along the superlattice axis and plays a key role in determining
the near-edge interband optical absorption spectrum.
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Figure 3. Schematic illustration of miniband formation in a semiconductor superlattice. (a) Periodic
potential profile V (z) formed by alternating quantum wells and barriers with period d = a + b. (b) Discrete
confined levels of an isolated well broaden into minibands due to interwell tunneling, giving rise to energy
dispersion along the superlattice axis.

For clarity and consistency, the following notation is adopted throughout this work. The growth
direction is taken along the z axis, whereas p = (x, y) denotes the in-plane coordinate. The in-plane carrier
wave vector is denoted by k;, while q is used for the Bloch wave vector along the superlattice direction.
The widths of the quantum well and barrier are denoted by a and b, respectively, and the superlattice period
is defined as d = a + b. The effective masses of carriers in the well and barrier regions are written as my
and mp, respectively. The confinement energies of the electron and hole subbands are denoted by E, ; and
Ep j, while Ej; represents the band gap of the well material. Unless explicitly stated otherwise, the theoretical
treatment is developed within the single-particle effective-mass approximation and the envelope-function
formalism.

3. Carrier States in Isolated Quantum Wells.

Within the effective-mass approximation, the carrier states in an isolated quantum well are
obtained by solving the one-dimensional Schrédinger equation along the growth direction. We first consider
the limiting case of an infinitely deep quantum well, which provides a useful reference for understanding
the effect of finite barrier height and interwell coupling in superlattices.

Wk, (1) Tz exp(iky - p)pn (2), (1)



where v =(p,z) ), p = (x,y) denotes the in-plane coordinate, k; is the corresponding in-plane wave
vector, and ¢,,(z) is the envelope wave function associated with the n- size-quantized subband. In a
B/A/B -type structure, ¢ (z)

h?  d?
I__,—z + V(z)l $n(2) = Ey, Pn(2),

2my, dz
_ (0 |z| <a/2,
V(@) = {oo |z| = a/2. @)

The solution to the one-dimensional Schrodinger equation can be written in the following form, where m,
is the effective mass of the particle in layer A of the structure. Outside layer A, the function ¢(z) vanishes.
The total energy of the particle, E, is composed of the sum of the one-dimensionally quantized energy E,
and the kinetic energy E,, = h?q?/2m,. When the origin of coordinates is placed at the center of the well,
the potential symmetry causes the eigenfunctions to separate into even and odd solutions. Therefore, the
electron wave functions may be represented by two types of states, namely even and odd wave functions,
which can be chosen in the forms € cos(kz) and C sin(kz), respectively. Here, k = (2my4E,/h*)/?, and
S is the normalization coefficient. From the boundary conditions, the allowed wave numbers and the
corresponding confinement energies along the growth direction are obtained as:
_nm () _ kg _ #* (nm)? _
kp =2, E _ZmA_ZmA(a) . n=123, ... 3)
The corresponding eigenstates may be classified according to their spatial parity with respect to the center
of the well: odd values of n correspond to even-parity states, whereas even values of n correspond to odd-
parity states. The total carrier energy is the sum of the confinement energy along the growth direction and
the free-carrier kinetic energy in the layer plane. Therefore,
_g® g MR _ 1 [(m o

En(k") - En + 2mgy - 2my (a) + k" (4)
Here, k, = |k"| is the magnitude of the in-plane carrier wave vector. Equation (4) describes a set of quasi-
two-dimensional size-quantized subbands with parabolic in-plane dispersion. At the subband edge, where

k, = 0, the total carrier energy reduces to the confinement energy E ,(f). For a finite-height potential barrier,
the envelope wave function penetrates into layer B and remains nonzero in the barrier region. The
corresponding equation in layer B can be written as follows:
h? d?
<— amydzz + V) ¢(2) = E;¢(2).
This is the solution of the stationary Schrédinger equation of the form given above. Here, V is the potential
barrier, representing the energy offset between the conduction-band edges at the interface. For the finite
potential well, the envelope function must satisfy the standard BenDaniel-Duke (Bastard-type) boundary
conditions at the heterointerface, which ensure the continuity of the wave function and the probability
current across the interface.
R . 5)

Here, my, and mg are the carrier effective masses in the well and barrier regions, respectively. These
boundary conditions are adopted throughout the present analysis of finite quantum wells and superlattices.
These conditions correspond to the BenDaniel-Duke boundary conditions, which ensure continuity of the
envelope function and probability current across heterointerfaces with different effective masses [10].

For a quantum well with finite barrier height V, the envelope function remains oscillatory inside
the well and decays exponentially in the barrier regions. Accordingly, the solution may be written in the
form

_ 14

A mp dz
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Here, sgn(z) = +1 for z > 0 and sgn(z) = —1 for z < 0. This factor ensures the odd-parity condition

1 1
¢, (—2) = —d,(2) in both barrier regions. Here, k = [2my(E,)/h%]z, k = [2mg(V — E,)/h?]2, where
the size-quantization energy levels are assumed to be smaller than the potential-well height, and the wave
vector in the barrier layer is taken to be imaginary, kz = ix. Taking relation (6) into account, the following
result is obtained from the system of equations in the form of Eq. (5): Applying the boundary conditions at
z = a/2 to the even-parity solution yields

C cos (kz—a) =D, m—C sin (kza) = mLD (7)

Eliminating the coefficients € and D from Eq. (7) leads to the transcendental equation that determines the
allowed energy levels of the even states
mapkK

tan (%) =nN=— (8)

mpk

whereas the energy spectrum of the odd states is given by
ka
cot (?) =-n 9)
is determined by means of a transcendental equation of the above form. For bound states in a finite quantum

well, the wave vector inside the well and the decay constant in the barrier region are defined as

= (), n s o

Here, k characterizes the oscillatory behavior of the envelope function in the well region, whereas k
describes its exponential decay inside the barrier. Thus, in a finite-height potential well, the spectrum
consists of a finite number of quantized levels and continuum states at higher energies. In the limit of a high
barrier height, the finite-well model approaches the result for an infinitely deep well; in this case, the
ground-state energy can be expressed by the following approximation. For this purpose, the potential-well

height V is taken as
2 2
V- (E) (11)

2mgy \a

Under the high-barrier condition specified in Eq. (11), the barrier decay constant for the ground state may

1/27713 0

h
written as a small correction to the infinite-well value: k = Z — 8k, 8k a < 1. Taking the reciprocal of the

be approximated by k = k, = . The ground state has even parity. Its wave number can therefore be

T

o e . K kK ..k 8k .
even-state quantization condition in Eq. (8) gives cot (—a) = ZL. Using —a =5 —a, the left-hand side

Ska

k 8k
becomes cot (7‘1) = tan( Za) ~ = where the small-argument approximation tan x = x has been used.

Replacing k and k on the right-hand side by their zeroth-order values /a and k), respectively, gives SkTa ~
T8 _T_ Consequently, the ground-state wave number in the first-order approximation is k ~ = (1 — 2ﬂ).
my Koa a MmyKod
Substituting this expression into E; = A%k?/(2m,) and retaining only terms of first order in 1/(xya), the
ground-state energy becomes. In the high-barrier limit, the ground-state energy of the finite quantum well
can be approximated by

_ h% (m 2 4mp _ |2mpWy
Ey = 2my (Z) (1 - mAKOa)' Ko = \/ h? (12)
This expression shows that the ground-state energy in a finite well is slightly reduced compared with the

infinite-well result because of wave-function penetration into the barrier region.
4. Tunneling-Induced Miniband Dispersion in Periodic Superlattices.




The effective mass approximation and the envelope-function method constitute one of the most
convenient approaches for describing the spectrum of charge carriers in quantum wells and superlattices.
Within this framework, the effective mass of charge carriers in each layer is taken to depend on the bulk
crystal parameters, and the energy spectrum is determined by solving the envelope-function equations.
Within the effective-mass approximation, the carrier states in a periodic quantum-well superlattice are
described by the envelope-function equation, The envelope-function approximation has been widely used
for calculating superlattice band structures and provides a suitable theoretical basis for describing miniband
formation in periodically coupled quantum wells [11].

2
[— Vi~ zfn Lo V(z)]F(r) = EF(r) (13)
Here m,, and m, are the effective masses associated with carrier motion parallel and perpendicular to the
layers, respectively, V(z) is the periodic confinement potential along the growth direction, and F(r) is the
envelope wave function. Because the structure is translationally invariant in the plane of the layers, the
envelope function can be separated into an in-plane plane-wave part and a confinement-dependent part
along the growth direction as
F(r) = e™1P ¢(2) (14)
Here, p = (x,y) denotes the in-plane coordinate, k; is the corresponding in-plane wave vector, and ¢(z)
describes the carrier confinement along the growth direction. Substitution of Eq. (14) into Eq. (13) reduces
the three-dimensional envelope-function equation to an effective one-dimensional problem along the
growth axis.

For an infinitely deep quantum well, the confinement potential produces discrete envelope states

with definite spatial parity with respect to the center of the well. The normalized eigenfunctions can

therefore be written as:
2
\/:cos (—nnZ),n =1,3,5, ...,
a a

\/gsm(nnz) n=246,.

Odd values of n correspond to even-parity states, whereas even values of n correspond to odd-parity states.
These localized well states provide the basis for describing miniband formation when neighboring wells
are coupled through finite barriers. A detailed theoretical treatment of superlattice band formation shows
that coupling between localized quantum-well states through finite barriers leads to dispersive minibands
whose widths are controlled by the barrier parameters [12]. The corresponding confinement energies are
given by Eq. (3). For a carrier state characterized by the in-plane wave vector k; = (kx, ky), the total
energy can be decomposed into an in-plane kinetic contribution and a confinement-related contribution
along the growth direction. Accordingly, the wave number in the well region is written as

27,2 27,2
K =eE ), E=S422 (16)

2my - 2my
Here, E| is the in-plane kinetic energy associated with free carrier motion parallel to the layers, while k
determines the oscillatory behavior of the envelope function in the well region. This decomposition is useful
for connecting the confined well states to the miniband description of the periodic superlattice. In the
idealized limit of an infinitely deep rectangular quantum well, the confinement potential is represented by
0, |z| <a/2,

V(@) = {oo, |z| = a/2. (7)
Under this assumption, the envelope function vanishes outside the well region, and the confined states are
fully determined by the boundary conditions at z = +a/2. This limiting case is useful as a reference for
understanding the modification of the spectrum when finite barriers and interwell coupling are introduced.
For a more realistic description of coupled quantum-well systems, the infinite-barrier approximation
must be relaxed by introducing finite barrier heights. In this case, the envelope function remains oscillatory
inside the well and decays exponentially in the barrier regions, which leads to modified quantization

conditions and ultimately enables tunnel coupling between neighboring wells.

Pn(2) = (15)




In the finite-barrier case, the envelope function decays exponentially in the barrier regions. The
corresponding decay constant is determined by the energy difference between the barrier height and the
carrier energy projected onto the growth direction, and may be written as

2mP n2kZ | hZKE
2 z X Yy

o WVo—(E+ED]L  E =

K (18)

2my 2my

Here, mgB) is the effective mass in the barrier region along the growth direction, and x determines the

exponential decay of the envelope function outside the well. This quantity plays a key role in describing
barrier penetration and the tunneling-induced coupling between neighboring wells in a superlattice. The
finite-barrier description establishes the first part of the structure—property chain. The well width determines
the confinement energy of the carrier states, while the barrier thickness controls the degree of envelope-
function penetration into neighboring layers and, consequently, the tunneling probability between adjacent
wells. A thinner barrier enhances interwell coupling and transforms discrete confined levels into dispersive
minibands, whereas a thicker barrier suppresses coupling and drives the system toward the isolated
quantum-well limit. The importance of barrier-controlled tunneling is also supported by theoretical studies
of electron transport in two-barrier multilayer semiconductor structures, where layer thickness and barrier
parameters determine carrier transmission [13]. Recent band-structure simulations of InAs/GaSb type-II
superlattices further confirm that miniband dispersion and transition energies are strongly governed by layer
thickness and the selected band model [14]. This thickness-dependent mechanism is consistent with the
experimental analysis of InAs/InAsSb type-II superlattices by Webster et al., in which the miniband
structure was calculated using a Kronig—Penney model and correlated with the measured absorption
coefficient.

At each heterointerface, the envelope function must satisfy the standard BenDaniel-Duke boundary
conditions, which ensure continuity of both the wave function and the probability current across the
interface:

1d 1d
R i B (19)
These interface conditions are used throughout the present superlattice analysis and provide the basis for
deriving the miniband dispersion relation in the periodic structure. To describe a periodic superlattice, the
interface boundary conditions in Eq. (19) must be supplemented by Bloch’s theorem. For a superlattice
period d = a + b, the envelope function satisfies
bg(z+d) = eq(z), d=a+b  -I<q<Z (20a)

Let E, denote the carrier energy associated with motion along the growth direction after subtraction of the

. o h2kf - . .
in-plane kinetic energy: E, = E — 2—” For the bound-miniband regime 0 < E, <V, the wave number in

m
\2myuE; K = v2mp(Vo—E;)
h ! h

the well and the decay constant in the barrier are k =

(2) . . . .
Y(z) = < j;q);,q(z)), the propagation through one superlattice period can be written as Y(z + d) =
m-+-(z
dz
M(E,)Y(z), where M(E,) is the transfer matrix of one well-barrier period. Combining this relation with

Bloch’s theorem gives

. Using the state vector

cos(qd) = %TrM(EZ) (20b)

For a rectangular well of width a, a barrier of width b, and different effective masses in the two layers,
evaluation of the transfer-matrix trace yields the following dispersion relation for 0 < E, < Vj:

cos(qd) = cos(ka) cosh(kb) + %(M - mBk) sin(ka) sinh(kb) (20c)

mpk makK
Equation (20c) is solved separately for electrons and heavy holes by using the corresponding conduction-
and valence-band offsets and growth-direction effective masses. This procedure yields the electron and
heavy-hole miniband dispersions E,;(q) and Epj ;(q), respectively. Equation (20c) is the miniband
dispersion relation of the periodic superlattice. For a specified Bloch wave vector g, its solutions determine
the allowed carrier energies E;,(q). The allowed minibands correspond to the energy intervals for which
the right-hand side of Eq. (20c), denoted by F(E,), satisfies |F(E,)| < 1 whereas the intervals with



|F(E,)| > 1 correspond to forbidden minigaps. Thus, interwell tunneling transforms each discrete confined
level of an isolated quantum well into a finite-width miniband E, (q).
E5(q) = Ef + E¢i(q) + Enn,j(q) (20d)

As the barrier thickness increases, the envelope-function overlap between neighboring wells
decreases and the miniband width becomes progressively smaller. In the weak-coupling limit, the allowed
minibands collapse toward the discrete energy levels of the corresponding isolated finite quantum well
given by Egs. (8) and (9).

The tunneling-induced dispersion described by Eq. (20c) represents the optical-response extension
of the superlattice concept introduced by Esaki and Tsu [15]. Because the allowed carrier energies depend
on the Bloch wave vector g, the corresponding interband transition energies are distributed over finite
energy intervals rather than concentrated at discrete quantum-well thresholds. This q - dependent dispersion
provides the physical basis for the smoothing and broadening of the near-edge absorption spectrum derived
below. The same mechanism is consistent with the experimental analysis of InAs/InAsSb type-II
superlattices by Webster et al., who correlated the measured absorption coefficient with the calculated
miniband structure and electron—hole wave-function overlap [18].

5. Formalism of Interband Optical Absorption.

Within the framework of quantum mechanics, the absorption coefficient associated with vertical
interband optical transitions in semiconductors can, in general, be expressed in terms of the optical
transition probability and the distribution of states. Within the single-particle picture, the absorption
coefficient associated with vertical interband optical transitions can be expressed in terms of the transition

probability and the occupation difference between the initial and final states as:
2hw

a(w) = WZ" Yisj 0 ([ fo(Ejx) — fo(Ew)] (21)
Here, n is the refractive index of the medium, c is the speed of light, g, is the vacuum permittivity, Fy is
the amplitude of the electromagnetic field, V is the normalization volume, and f;(E) is the Fermi—Dirac
distribution function. The quantity wj;(k) denotes the probability of an optical transition from state j to
state i. According to Fermi’s golden rule, the probability of an optical transition from state j to state i with
wave vector k is given by
2

Here, e is the elementary charge, m, is the free-electron mass, and P;; (k) is the matrix element of the
momentum operator between the corresponding initial and final states. The delta function ensures
conservation of energy during the optical transition.

The quantity P;j(k) entering Eq. (22) is the matrix element of the momentum operator between the

corresponding initial and final states and is defined as

Pj(k) = [, Wi () (e P) W (r) dV (23)

Here, Y, (r) and Y, () are the wave functions of the initial and final states, respectively, p = —iAV is
the momentum operator, and e is the light-polarization unit vector. This matrix element determines the
optical selection rules and the strength of the interband transition. For allowed direct interband transitions
near the absorption edge, Eqgs. (21)—(23) can be reduced to a simplified expression in which the spectral
dependence is governed primarily by the momentum matrix element and the optical density of states:

2

a(w) = <%y Py, () (24)
Here, ¢ and v denote the conduction and valence subbands, respectively, while C is a slowly varying
prefactor that depends on the bulk optical parameters of the semiconductor. Equation (24) shows that the
absorption spectrum near the edge is determined jointly by the transition strength and the available density
of optically allowed states. The optical density of states for transitions between the valence subband v; and
the conduction subband c; is defined by the number of states satisfying the energy-conservation condition
and can be written as

e, (@) = Bie8 (Ec, (k) — By, (k) — oo (25)
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This quantity determines the number of optically allowed transitions contributing to absorption at a given
photon energy Aiw. The delta function selects only those states for which the interband transition energy
matches the photon energy. Equivalently, the optical density of states may be represented as the derivative
of the number of optically allowed transitions with respect to the photon energy:

Py () = 2= 3300 [ = (B, () = By () 26)

This representation is especially convenient for analyzing threshold behavior, since it makes explicit that
the optical density of states is determined by the accumulation of interband transitions as the photon energy
increases..

This formalism serves as the basis for analyzing the characteristics of the interband optical
absorption spectrum in quantum wells and superlattices in the following sections. The absorption
coefficient derived in this section corresponds to an experimentally measurable optical quantity. Webster
et al. determined the absorption coefficients of InAs/InAsSb type-II superlattices from room-temperature
spectroscopic ellipsometry measurements, making their results directly relevant to the present theoretical
framework. In this formulation, the absorption coefficient is governed by the optical transition probability,
the density of optically allowed states, and the electron—hole envelope-function overlap. This connection
indicates that the present absorption formalism provides a physically grounded basis for interpreting
experimentally measured absorption spectra of type-II superlattice heterostructures.

5.1. Absorption in Isolated Quantum Wells

In isolated quantum wells, interband optical absorption is governed by vertical optical transitions
from the valence band to the conduction band. The intensity of this process depends on the structure of the
wave functions, their overlap, and the optical density of states. In an isolated quantum well, the initial
valence-subband state participating in an interband optical transition can be written in the factorized form:

uji, (1) = ™1, (D (1) 27)

Here, p = (x,y) is the in-plane coordinate, k; is the corresponding in-plane wave vector, by, (z) is the

envelope function of the j-th valence subband, and w,, () is the periodic Bloch function of the valence band.
The corresponding final state in the conduction subband is written in an analogous form as

1 ik
Weire, (r) = €™ P (2)uc(r) (28)
Here, ¢,(2) is the envelope function of the i-th conduction subband, and u.(r) is the periodic Bloch

function of the conduction band. Together, Egs. (27) and (28) define the basis states for calculating the
interband transition matrix elements in a quantum well. The energy dispersion of the j-th valence subband
in an isolated quantum well can be written as

Evj(kll) = Ev - Evj - (29)

Here, E\,J. is the confinement energy of the j-th valence subband measured downward from the valence-
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band edge, and the second term describes the in-plane kinetic energy of the hole. Similarly, the energy
dispersion of the i-th conduction subband is given by
h2kf

Eci(kll) =E.+E;+ 2m, (30)

Here, E, is the confinement energy of the i-th conduction subband measured upward from the conduction-
band edge, and the last term represents the in-plane kinetic energy of the electron. Substituting the wave
functions given by Eqgs. (27) and (28) into the momentum-operator matrix element, one obtains the
factorized expression

Pcivj(ku) = Pcchl-vj (31)
Here, P, is the bulk interband momentum matrix element, whereas Scivj is the overlap integral of the

envelope functions. This factorization shows that the probability of an interband transition in a quantum
well is determined jointly by the bulk band-structure properties and the confinement-induced overlap of the
subband wave functions. The quantity P, entering Eq. (31) is the bulk interband momentum matrix
element and is defined by

Poy == [oue(®) (e~ p)uy(r) dv (32)



Here, u.(r) and u, (r) are the periodic Bloch functions of the conduction and valence bands, respectively,
and (1 is the unit-cell volume. This quantity determines the intrinsic transition strength in the corresponding
bulk semiconductor. The quantity S cv; in Eq. (31) is the overlap integral of the envelope functions

associated with the corresponding conduction and valence subbands and is given by

CV] f d)cl(z) q)v (z)dz (33)
This overlap integral determines the additional optical selectlon rules introduced by quantum confinement.
Its value depends on the spatial symmetry and localization of the envelope states along the growth direction.
In the idealized approximation of an infinitely deep symmetric quantum well, the envelope functions form
an orthonormal set, and the overlap integral reduces to

Sewv; = 8ij (34)

Equation (34) shows that, in the infinite-well limit, interband optical transitions are strongest between
subbands with the same ordinal number. In finite wells, however, barrier penetration relaxes this strict
selection rule and allows weaker transitions between states of different index but compatible parity. The
sensitivity of interband absorption to confinement potential, band offsets, and well asymmetry has also
been reported for wurtzite MgZnO/ZnO asymmetric quantum wells, where structural parameters strongly
modify the transition energies and absorption strength [16]. Using the factorized form of the interband
matrix element, the absorption coefficient near the intrinsic absorption edge of an isolated quantum well
can be written as

2
ncggmi wVv Peiv; (w) (35)

Here, Peyv; (w) is the optical density of states for transitions between the j-th valence subband and the i-th

2me? |Pqy|?
t(w) = 2l s

conduction subband. Equation (35) shows that the absorption strength is determined by the combined effect
of the bulk interband coupling, the envelope-function overlap, and the density of optically allowed final
states. This step-like interband absorption behavior is consistent with the established theory of linear optical
properties in semiconductor quantum wells, where subband quantization, optical matrix elements, and
envelope-function overlap play central roles in determining the absorption spectrum [17]. For an isolated
quantum well, substitution of the parabolic subband dispersions given by Egs. (29) and (30) into the
definition of the optical joint density of states yields the following expression per unit area:

pi (hw) = %Zk” 8 [Eci(kll) — Ey; (ky) — hﬂ)] (36a)
The transition energy associated with the in-plane wave vector k| can be written as
. hZ k2
Ee,(ky) = By (k) = E¢) +——
Hij
where
E =E, +EZ + E,(j)
is the threshold energy for the transition between the j-th valence subband and the i-th conduction subband.
Replacing the summation over the in-plane wave vectors by the two-dimensional integral

72~

ki
and evaluating the delta-function integral gives.
IsHij i Wij i
p2P (how) = 2240 (hw — EY) = L0 (hw - EY), g, =2 (36b)

Equation (36b) is the two-dimensional optical joint density of states per unit area and per unit photon
energy, with the spin degeneracy gs = 2 included explicitly. The Heaviside step function @ (hoo = EC(;] ))

is zero below the transition threshold and constant above it. Consequently, each optically allowed pair of
electron and hole subbands produces a discrete step in the optical joint density of states. This constant two-
dimensional density of states is the physical origin of the staircase-like near-edge absorption spectrum of

an ideal quantum well. The in-plane reduced mass p;; entering Eq. (36b) is defined by

1 1 1
— =+t 37)
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Here, mﬂll- and m}'l, ; are the in-plane effective masses of the electron and hole subbands, respectively. This

quantity determines the prefactor of the two-dimensional optical density of states and therefore governs the
magnitude of each step in the absorption spectrum near the threshold. Substituting the two-dimensional
optical joint density of states given by Eq. (36b) into Eq. (35), the absorption coefficient near the intrinsic
absorption edge takes the step-like form
2 .

ey (©) = Acy i [Se,| © (R0 — ES) (38)
Here, E C(,l,] ) is the threshold photon energy for an interband transition between the j-th valence subband and
the i-th conduction subband. Equation (38) explicitly shows that each allowed interband transition
contributes a separate step to the absorption spectrum.

Figure 4 schematically illustrates the step-like behavior of the interband optical absorption
coefficient in an isolated semiconductor quantum well. Each step begins at the threshold energy of the
corresponding allowed transition between quantized valence and conduction subbands. This spectral form
originates from the two-dimensional optical density of states and reflects the confinement-induced
discretization of the carrier energy spectrum. As a consequence, the absorption edge is shifted toward higher
photon energies relative to the bulk semiconductor and acquires a staircase-like dependence on photon
energy.
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Figure 4. Schematic spectrum of the interband optical absorption coefficient in an isolated semiconductor
quantum well. The absorption exhibits a step-like dependence on photon energy, where each step begins at
the threshold energy of the corresponding interband transition between quantized valence and conduction
subbands.

Because Eq. (36b) defines the joint density of states per unit area, conversion to the volume-
normalized absorption coefficient is incorporated through the factor 1/a contained in the optical prefactor
in Eq. (39). The prefactor A, in Eq. (39) is determined by the bulk optical parameters of the semiconductor

and can be written as

_ Mgy e |Pey|?
Acv = nceomg hEg a (39)
Here, a is the quantum-well width, and the prefactor A, determines the magnitude of each absorption step.
Equation (39) shows that the spectral weight of the interband absorption depends on both the bulk interband

coupling strength and the geometric confinement of the quantum well. Here, m,, denotes the in-plane
optical reduced mass and is identified with p;; defined in Eq. (37).

According to Eq. (38), the interband absorption spectrum of an isolated quantum well near the
intrinsic absorption edge exhibits the following characteristic features (Fig. 4).

A. The absorption edge is shifted toward higher photon energies relative to the bulk semiconductor
because the allowed interband transitions begin at the quantized subband thresholds rather than at the bulk
band gap.

B. The absorption coefficient acquires a step-like spectral form in the threshold region, with each
step corresponding to transitions between specific valence and conduction subbands.

C. Within the present single-particle approximation, the near-edge spectral shape is governed
primarily by the subband structure and the two-dimensional optical density of states, while finer effects
such as excitonic contributions and temperature-induced broadening are not included explicitly.



D. In symmetric quantum wells, additional optical selection rules are determined by the spatial
symmetry of the envelope functions, so that transitions between subbands of the same parity are favored.

Thus, in isolated quantum wells, the spectrum of interband optical absorption is shifted relative to
that of the bulk semiconductor due to the quantum-size effect and acquires a step-like form.

5.2. Absorption in Periodic Superlattices

In periodic superlattices composed of coupled quantum wells, interband optical absorption differs
from that in isolated quantum wells because the discrete confined states broaden into minibands as a result
of tunneling between adjacent wells. Consequently, the optical response acquires a characteristic
dependence on miniband dispersion along the growth direction. In a periodic superlattice, the initial
valence-miniband state participating in an interband optical transition can be represented by a Bloch-type

envelope function of the form

Yo (1) = 1Py (2w, (1) (40)

Here, p = (x,y) is the in-plane coordinate, k; is the corresponding in-plane wave vector, q is the Bloch
wave vector along the superlattice direction, ¢vjq(z) is the envelope function of the j-th valence miniband,

and u,(r) is the periodic Bloch function of the valence band. The corresponding final state in the
conduction miniband is written in the analogous form

1 ik

o) = =™ 1Piq (2uc(r) (1)
Here, ¢,q(2) is the envelope function of the i-th conduction miniband, and u.(r) is the periodic Bloch
function of the conduction band. Together, Egs. (40) and (41) define the miniband states entering the

interband absorption process in a superlattice. The energy dispersion of the j-th valence miniband in a
periodic superlattice can be written as
h2kf

Evj(k) =EV_EVj(q _% (42)
Here, Evj(q) describes the miniband dispersion along the growth direction, while the last term represents
the in-plane kinetic energy. This form shows that the valence-band states remain free in the plane of the

layers but become dispersive along the superlattice axis because of interwell coupling. Similarly, the energy
dispersion of the i-th conduction miniband is given by
h2kf

Eci(k) =E;. + Eci(Q) + om (43)

Here, E,(q) is the miniband dispersion of the i-th conduction state along the superlattice direction, while
the last term represents the in-plane kinetic energy of the electron. In contrast to the isolated quantum-well
case, the dependence on q reflects the broadening of discrete subband levels into minibands due to tunneling
between adjacent wells.

For a superlattice composed of weakly coupled quantum wells, the absorption coefficient can be
written in a form analogous to that for an isolated quantum well, but with the overlap integrals and prefactor
modified by the miniband structure:

2 .
oS (hw) = A% 3, 0 (hw —ES)) (44)
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Here, A3} is the optical prefactor for the superlattice, while Scsi%,j is the effective overlap integral for

transitions between the corresponding valence and conduction minibands. In comparison with the isolated-
well case, these quantities are modified by interwell tunneling and miniband dispersion.

Equation (44) represents the simplified weak-coupling limit, where miniband dispersion is
neglected. In a real periodic superlattice, however, the confined quantum-well levels broaden into
minibands due to interwell tunneling. Therefore, the transition energy depends on the Bloch wave vector g
along the growth direction:

EfF(q) = Eg + E;(@) + Ey;(q) (45)
Accordingly, the absorption coefficient should be written as an expression integrated over the Bloch wave

vector q:
/d 2 d
as, (hw) = 4% i, [0 |SSH@)[ 03P Or[heo — ESH(@)] 1o (46)



Here, d = a + b is the superlattice period, S ist (q) is the electron—hole envelope-function overlap, and pl-sz

is the in-plane optical density of states. Here, O (x) denotes the Lorentzian-broadened Heaviside threshold
function. It is obtained by integrating the normalized Lorentzian line-shape function Ly (x), where T is the
full width at half maximum.

Or(x) = f_xoo Lr(u) du = % + %arctan (Z?x) 47)
For each fixed Bloch wave vector q, integration over the continuous in-plane carrier states produces a two-
dimensional step-like absorption contribution. To account for spectral broadening, this Heaviside threshold
is convoluted with the normalized Lorentzian line-shape function. The resulting Lorentzian-broadened
threshold function is denoted by @p(x), where T is the full width at half maximum.

This treatment does not introduce an additional optical mechanism; it provides the broadened form

of the two-dimensional threshold already obtained for the isolated quantum well. Integration over the q -
dependent transition energies and envelope-function overlaps leads to the gradual absorption onset and
high-energy plateau shown in Fig. 7.
As aresult, the sharp step-like absorption edge of an isolated quantum well becomes smoother and broader
in a superlattice. Experimental studies of III-V quantum wells and superlattices have likewise shown that
interwell coupling and the resulting miniband structure substantially modify the near-edge absorption and
electroabsorption spectra [19].

For weakly coupled superlattices, the optical prefactor and the effective overlap integral may be
related to the corresponding isolated-well quantities through the superlattice period as

1 0d/2 .,
A =% A0, S (D=3 0, 0iq(@) bye(2) dz (48)

Equations (46)—(48), together with the electron and heavy-hole miniband dispersions obtained from Eq.
(20c), form the basis of the numerical calculation of the interband absorption response. The numerical
procedure and the structural and material parameters used in the calculations are described below. The close
connection between infrared absorption and miniband dispersion has also been demonstrated
experimentally, confirming that optical spectroscopy can be used as a sensitive probe of the electronic
miniband structure in semiconductor superlattices [20].

6. Numerical Method and Material Parameters

6.1. Numerical Solution of the Miniband Dispersion Equation

The miniband dispersion relation given by Eq. (20c) was solved numerically and separately for electrons
and heavy holes. For electrons, the conduction-band offset and the corresponding electron effective masses
in the well and barrier layers were used, whereas the valence-band offset and the growth-direction heavy-
hole effective masses were used for the hole calculation. The numerical analysis was performed over one
half of the first Brillouin zone, 0 < g < 1t/d, because the miniband energies satisfy the symmetry relation

E,(—q) = E,(q). -

4r =500, 7=0,1,..,200 (49)

Thus, the normalized Bloch wave vector qd/m was sampled using 201 uniformly spaced points with an
increment of 0.005. For each q,., Eq. (20c) was rewritten as a scalar root equation

Gs(E; qr) = Fs(E) — cos(q,d) =0, s = e,hh (50)
where F,(E) and Fyp(E) are the right-hand sides of the Kronig—Penney dispersion relation for electrons
and heavy holes, respectively. The bound-state search intervals were 0 < E, < AE . for electrons and 0 <
Enn < AE, for heavy holes. All sign-changing intervals were first identified by an energy scan, and each
root was subsequently refined using a bracketed Brent algorithm. The roots were sorted by increasing
energy and continuously tracked as a function of g to obtain E,;(q) and Epp(q). The absolute energy

tolerance of the root solver was set to 107 1%V,

6.2. Wave-Function Normalization and Electron—Hole Overlap
For every calculated miniband energy, the corresponding envelope function was reconstructed from the
eigenvector of the one-period transfer matrix satisfying



M (Egn(@) — €49 v,(0) =0, s =ehh (51)
The state vector was propagated through the well and barrier layers using the corresponding layer transfer
matrices. The electron and heavy-hole envelope functions were normalized over one superlattice period
according to

d 2
fo |¢s,n,q(z)| dz =1, s = e¢,hh (52)

The envelope-function overlap for a vertical transition between the i-th electron miniband and the j-th
heavy-hole miniband was then evaluated as

a |«
Sij(@) = [, beiq(@bunjq(2) dz (53)
The optical transition probability was weighted by the dimensionless quantity |S ii(q) |2. The ground-state
analysis was based primarily on the e; — hh, transition. The spatial integrations were performed using a

uniform grid of 4001 points over one superlattice period. The calculation was repeated using 8001 points
to verify numerical convergence.

6.3. Numerical Evaluation of the Absorption Coefficient
The g-dependent ground-state transition energy was calculated as

Ef1(q) = Eg + Ee1(q) + Enn1 (@) (54)
where Eg is the type-II band-edge separation between the electron-confining and hole-confining layers.
The ground-state absorption spectrum was evaluated by numerically integrating Eq. (46) over the first
Brillouin zone. The normalized Lorentzian function defined in Eq. (55) was used as the broadening kernel

for the two-dimensional threshold function @ introduced in Eq. (47).
_1_T1/2
Lr(x) T mx2+(r/2)? (55)
where T’ denotes the full width at half maximum (FWHM). A fixed value of I' = 4. 0 meV, corresponding
to an HWHM of 2.0 meV, was used in all absorption calculations. The absorption coefficient was evaluated

on a uniform photon-energy grid from 80 to 130 meV with an energy step of 0.05 meV.

6.4. Structural and Material Parameters

The detailed g-resolved numerical calculation was performed for the InAs/InAsSb type-II
superlattice corresponding to sample B. This sample was selected because its room-temperature absorption
spectrum and the assignments of the principal miniband transitions were reported in detail by Webster et
al. The structural and optical quantities used for comparison are summarized in Table 1.

The refined structural parameters, including the unintentional incorporation of Sb into the nominal
InAs layers, were taken from the subsequent detailed X-ray diffraction and band-edge analysis of Webster
et al. [27].
Table 1. Structural and experimental parameters of sample B used for numerical modelling and validation

Quantity Webster et al. (2015) Numerical input Unit
Sb mole fraction in InAsSb 0.284 0.263 —
Unintentional Sb fraction in InAs not reported 0.008 —
InAs layer thickness 17.18 17.16 nm
InAsSb layer thickness 7.32 7.34 nm
Superlattice period (d) 24.50 24.50 nm
Temperature 295 295 K
Ground-state absorption onset 103 — meV
Ground-state absorption coefficient 456 — cm~ !
Ground-state overlap squared 0.081 — —

The small differences between the originally reported structural values and the numerical inputs arise from
the subsequently refined structural parameter set used in the band-structure calculation.

Table 2. Band-edge and effective-mass parameters used for sample B

| Parameter | Symbol | Value | Unit | Source |




Type-1I band-edge separation EJl | 64.7588 | meV | Ref. [27]/present
calculation

Electron barrier height AE, 119.3113 | meV | Ref. [27]/present
calculation

Heavy-hole barrier height AE, | 271.6350 | meV | Ref. [27]/present
calculation

Electron effective mass in InAsg 992S5bg.008 Mmew | 0.02562 | my | Composition-interpolated

electron well value

Electron effective mass in InAsgy7375bg 263 mg, | 0.01593 | m, | Composition-interpolated

electron barrier value

Heavy-hole effective mass in InAsg 7375bo 263 | Mppy | 0.31486 | m, | Composition-interpolated

hole well value

Heavy-hole effective mass in InAsg 9925bg 008 | Mppp | 0.33274 | m, | Composition-interpolated

hole barrier value

Lorentzian broadening FWHM Ifwum | 4.0 meV | present calculation

Note: The electron effective masses were evaluated using composition-dependent quadratic interpolation
with the effective-mass bowing correction, whereas the heavy-hole effective masses were obtained by linear
interpolation between the corresponding binary InAs and InSb values. The refined Sb mole fractions of
0.008 and 0.263 were used for the nominal InAs and InAsSb layers of sample B, respectively. Here, m,
denotes the free-electron mass.

The effective masses listed in Table 2 correspond to carrier motion along the superlattice growth direction.
Because of the type-II band alignment, electrons are predominantly confined in the InAsg 99,Sbg gog layers,
whereas heavy holes are localized mainly in the InAsg,37,5bg 263 layers. The layer-dependent effective
masses and band offsets were used consistently in the transfer-matrix calculation of the electron and heavy-
hole miniband dispersions. A fixed Lorentzian broadening parameter of I' = 4.0 meV was adopted in the
numerical evaluation of the absorption coefficient.

Numerical convergence was examined by repeating the calculations with denser Bloch-wave-vector
and spatial grids. The calculation was regarded as converged when the changes in the miniband-edge
energies were below 10™* meV and the change in the ground-state overlap squared was below 1075,

7. Numerical Results and Experimental Validation

The numerical procedure described in Section 6 was applied to the InAs/InAsSb type-II superlattice
corresponding to sample B. The calculated electron and heavy-hole miniband dispersions, ground-state
transition energy, electron—hole wave-function overlap, and absorption response are presented first. The
model is then quantitatively evaluated using the room-temperature data reported by Webster et al. for ten
InAs/InAsSb superlattices.
7.1. Electron and Heavy-Hole Miniband Dispersions
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Figure 5. Calculated miniband dispersions of the InAs/InAsSb type-II superlattice corresponding
to sample B at 295 K. (a) First and second electron minibands, E, ;(q) and E, ,(q). (b) First and second
heavy-hole minibands, Epp, 1 (q) and Epp, 2(g), over one half of the first Brillouin zone.

As shown in Fig. 5, the calculated miniband dispersions differ substantially for electrons and heavy holes.
The first electron miniband increases from 21.7316 meV at the Brillouin-zone centre to 33.2893 meV/ at
the zone boundary, corresponding to a miniband width of 11.5577 meV. The second electron miniband
also exhibits a clear g -dependent dispersion. In contrast, the first heavy-hole miniband remains practically
dispersionless at 15.6907 meV within the numerical resolution of the calculation, while the second heavy-
hole miniband shows only a weak variation with q. This difference reflects the much larger growth-
direction effective mass of heavy holes and indicates that the ground-state optical-transition dispersion is
governed predominantly by the electron miniband.

7.2. Ground-State Transition Energy and Wave-Function Overlap

(a) Ground-state transition energy E+;(q) for sample B (b) Ground-state overlap squared |S;;(q)|? for sample B
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Figure 6. Calculated ground-state optical-transition characteristics of the InAs/InAsSb type-II superlattice
corresponding to sample B at 295 K. (a) Ground-state transition-energy dispersion, EJ5(q). (b) Electron—
heavy-hole envelope-function overlap squared, |S;;(q)|?, plotted over one half of the first Brillouin zone
as a function of the normalized Bloch wave vector qd /.

Figure 6 shows the calculated g -dependent characteristics of the ground-state optical transition in sample
B. As seen in Fig. 6(a), the transition energy EY; (q) increases from 102.1811 meV at the Brillouin-zone
centre to 113.7388 meV at the zone boundary, reflecting the finite dispersion of the electron miniband. In
contrast, Fig. 6(b) shows that the electron—heavy-hole overlap squared decreases monotonically with
increasing g, from a maximum value of 0.101788 at g = 0 to nearly zero near the zone boundary. The
Brillouin-zone-averaged value is {|S;1(q)|?) = 0.061261. These results indicate that the optical absorption
strength is governed not only by the transition-energy distribution within the miniband, but also by the



strong q -dependence of the envelope-function overlap. Consequently, states located in different parts of
the miniband contribute unequally to the absorption spectrum.

7.3. Calculated Ground-State Absorption Response

The room-temperature ground-state absorption response of sample B was calculated by numerically
integrating the q - dependent absorption expression in Eq. (46), using the transition-energy dispersion
Ef5 (@) and the envelope-function overlap squared |S;;(q)|? presented in Fig. 6. For the calculated curve
shown below, the two-dimensional absorption threshold was broadened using the normalized Lorentzian
kernel with an FWHM of I = 4.0 meV, and the photon-energy interval from 80 to 130 meV was sampled
with a step of 0.05 meV. The resulting absorption response is shown in Fig. 7.
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Figure 7. Calculated room-temperature ground-state absorption response o(hw) of the
InAs/InAsSb type-II superlattice corresponding to sample B. The vertical dashed line indicates the
calculated e; — hh, transition threshold, Ef5(0) = 102.181meV. The horizontal dashed and dotted lines
indicate the calculated absorption plateau of 523.1 cm™ and the experimentally reported ground-state
absorption coefficient of 456 cm™, respectively. A Lorentzian full width at half maximum of T' =
4.0 meV, corresponding to an HWHM of 2.0 meV, was used.

As shown in Fig. 7, the calculated absorption coefficient begins to increase in the vicinity of the
ground-state transition energy Ej5(0) = 102.1811meV and gradually approaches a plateau value of
523.1 cm™. The smooth onset results from the combined effects of miniband dispersion, the q - dependent
electron—heavy-hole overlap, and the Lorentzian spectral broadening. The calculated transition threshold
differs from the experimentally measured absorption onset of 103 meV by only 0.819 meV. The calculated
plateau exceeds the reported experimental ground-state absorption coefficient of 456 cm™ by 67.1 cm’?,
corresponding to a relative difference of 14.71%.

Webster et al. reported that the ground-state absorption of sample B rises sharply to 456 cm™* at the
e, — hh, transition and estimated an uncertainty of approximately +£20% for the measured absorption
coefficients. Therefore, the calculated value lies within the reported experimental uncertainty. The
remaining difference may originate from the simplified single-particle effective-mass model, the use of
phenomenological broadening, and the neglect of interface roughness, alloy disorder, multiband coupling,
and excitonic effects.

7.4. Quantitative Validation Using Published InAs/InAsSb Data

To evaluate the overlap-controlled absorption relationship across structurally different superlattices,
the room-temperature data reported by Webster et al. for ten InAs/InAsSb type-II superlattices were
reanalysed. The measured ground-state absorption coefficients and the corresponding ground-state



electron—heavy-hole wave-function overlap squares were taken from Table I of Ref. [18]. The overlap
values were calculated by Webster et al. using a Kronig-Penney model, whereas the absorption coefficients
were determined experimentally by spectroscopic ellipsometry at 295 K. Therefore, the present analysis
represents an independent statistical reanalysis of the published data rather than a new calculation of the
A-J overlap values.
Because the absorption strength is expected to vanish as the electron—hole overlap approaches zero
within the present model, the data were fitted using the following zero-intercept linear relation:
ags = C1S111? (56)
Here, C is the fitted proportionality coefficient, agg is the measured ground-state absorption
coefficient, and |S44|? is the calculated ground-state wave-function overlap squared.
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Figure 8. Quantitative relationship between the measured room-temperature ground-state
absorption coefficient and the calculated electron—heavy-hole wave-function overlap squared for the ten
InAs/InAsSb type-II superlattices reported by Webster et al. The symbols and vertical error bars represent
the published values and their reported +20% absorption uncertainty, respectively. The solid line denotes
the zero-intercept least-squares fit obtained in the present reanalysis.

As shown in Fig. 8, the room-temperature ground-state absorption coefficient exhibits a strong
linear dependence on the electron—heavy-hole wave-function overlap squared. The zero-intercept least-
squares analysis yields the relation agg = (5748.3 + 128.8)|S;;1% cm™, with r?2 = 0.9893 and RMSE =
96.96 cm™.. The fitted proportionality coefficient differs by only 0.55% from the value of 5780 +
370 cm! reported by Webster et al. for unity wave-function overlap, confirming the reproducibility of the
published overlap—absorption relationship. The largest absolute residual is obtained for sample D, for which
the fitted value exceeds the measured absorption coefficient by approximately 255.5 cm™; however, this
deviation remains within the reported +20% experimental uncertainty. These results quantitatively confirm
that the envelope-function overlap is the dominant parameter controlling the ground-state absorption
strength across the investigated InAs/InAsSb type-II superlattices.

Table 3. Note: |S11|? values correspond to the 295 K data; the uncertainty column is calculated as 20% of
aGS.

Webster et al. A—J samples: overlap—absorption data

Sample [S11)? oGS (cm™) +20% error (cm™)
A 0.609 3571 714.2
B 0.081 456 91.2




C 0.065 455 91.0
D 0.288 1400 280.0
E 0.101 517 103.4
F 0.061 422 84.4
G 0.090 572 114.4
H 0.103 577 115.4
I 0.277 1645 329.0
J 0.235 1395 279.0

Taken together, the results presented in Figs. 5-8 provide complementary numerical and
experimental validation of the proposed theoretical framework. The g-resolved calculations for sample B
establish a direct connection between miniband dispersion, transition-energy variation, electron—heavy-
hole wave-function overlap, and the resulting absorption response. The calculated ground-state transition
threshold and absorption coefficient agree reasonably well with the corresponding experimental values. In
addition, the independent reanalysis of the ten InAs/InAsSb superlattices reported by Webster et al. reveals
a strong linear correlation between the measured ground-state absorption coefficient and the calculated
overlap squared, with 72 = 0.9893. These findings demonstrate that the near-edge optical response is
governed jointly by the miniband energy distribution and the spatial overlap of the electron and heavy-hole
envelope functions. The broader physical implications of these results for quantum-well and superlattice
optical engineering are discussed in the following section.

8. Comparative Discussion and Physical Implications.

In isolated symmetric wells, the envelope-function overlap imposes additional selection rules, with
transitions between subbands of equal index being dominant in the infinite-barrier limit. Finite-barrier
penetration weakens this strict condition and permits lower-intensity transitions between states of
compatible symmetry.

In a periodic superlattice, the transition threshold becomes g-dependent because both the electron
and heavy-hole states acquire miniband dispersions. The measured response therefore represents a weighted
superposition of transitions distributed over a finite energy interval, where the contribution of each state is

controlled by |Sl- i (q)|2. The smoothing of the absorption edge is thus determined jointly by miniband
dispersion, envelope-function overlap, and spectral broadening.

The resulting structure—response relation can be expressed as follows: the well and barrier
dimensions determine carrier confinement and interwell coupling; the coupling controls the miniband
widths and envelope-function localization; and these quantities determine the transition-energy distribution
and optical overlap. Figure 1 summarizes this relationship schematically.

For sample B, the calculated first electron miniband extends from 21.732 to 33.289 meV,
corresponding to a width of 11.558 meV, whereas the first heavy-hole miniband is practically
dispersionless. Consequently, the ground-state transition energy increases from 102.181 meV at the
Brillouin-zone centre to 113.739 meV at the zone boundary. Over the same interval, the overlap squared
decreases from 0.1018 to nearly zero. These results show that the near-edge transition-energy dispersion is
governed predominantly by the electron miniband, while the high- q optical contributions are suppressed
by the decreasing electron—heavy-hole overlap.

From an application perspective, isolated quantum wells provide relatively sharp transition
thresholds, whereas tunnel-coupled superlattices offer a broader and more continuously tunable near-edge
response. The latter behavior is particularly relevant to type-II infrared absorbers, where layer dimensions
and miniband engineering are used to adjust the spectral range [21].

The obtained results are also important from a practical standpoint. In quantum wells, the shift of
the absorption edge and the step-like spectral structure may be advantageous for the development of
selective photodetectors, optical modulators, and narrow-band absorbing layers. In superlattices, by
contrast, the smoothing of the spectrum due to miniband dispersion and the emergence of nonzero
absorption near the threshold provide advantages for designing optoelectronic devices with broader spectral
sensitivity. Photoluminescence studies of n-CdS/p-CdTe heterostructures show that optical excitation
strongly modifies near-band-edge, interface, and polariton emission [22]. Thus, the theoretical analysis



shows that the optical properties can be purposefully controlled through an appropriate choice of
heterostructure parameters. More generally, theoretical studies of other low-dimensional semiconductor
systems have shown that interband photon absorption can exhibit pronounced spectral and temperature
dependences, with the optical response also being strongly influenced by light polarization [23].
Photoconductivity studies of CdSeSi— thin films further show that the spectral optical response of
semiconductor materials is strongly governed by composition and carrier excitation processes [24]. Related
miniband and intermediate-band concepts are also being explored in quantum-dot superlattices for
improving the efficiency of intermediate-band semiconductor solar cells, further highlighting the broader
relevance of superlattice-based spectral engineering [25].

The present calculation demonstrates the sensitivity of the infrared absorption response to miniband
dispersion and spatial overlap for one experimentally characterized structure. A systematic optimization of
well width and barrier thickness would require recalculating the carrier spectra and envelope functions for
a series of structures. Such a parametric analysis represents a natural extension of the present work.

9. Limitations and Outlook.

At the same time, the present model has certain limitations. The analysis has been carried out within
the framework of the effective mass approximation and the single-particle approach, while interface
imperfections, multiband coupling, internal electric fields, and excitonic corrections have not been taken
into account in detail. In the low-temperature regime, excitonic effects may further modify the spectral
profile near the absorption edge. Recent calculations of exciton states and interband absorption spectra in
quantum wells have shown that electron—hole interaction can substantially reshape the near-threshold
optical response [26]. Therefore, in future studies, incorporating excitonic effects, strain, realistic band
offsets, and interface roughness into the model would bring the results into closer agreement with
experimental observations. Defect-related effects may also need to be considered in realistic semiconductor
absorbers, since deep defect states can strongly influence photovoltage relaxation and carrier dynamics in
polycrystalline optoelectronic films [28]. Future extensions may also include valence—conduction band
mixing and temperature-dependent band-gap effects, which have been shown to influence interband single-
photon absorption in semiconductor systems [29]. More refined models may also include position-
dependent effective mass and semi-confined effects, which have recently been shown to influence the
calculated optical properties of GaAs quantum wells [30].

In the present work, however, the analysis is restricted to single-particle interband transitions, so
that the role of miniband dispersion can be isolated more transparently.

10. Conclusion

A common effective-mass and envelope-wave-function framework has been developed for the
analysis of carrier states and interband optical absorption in isolated quantum wells and periodic
superlattices. The formulation combines finite-barrier quantization, transfer-matrix miniband calculations,
the optical joint density of states, and electron—hole envelope-function overlap within a consistent single-
particle model. This approach enables the effects of confinement, barrier penetration, and interwell coupling
on the optical response to be evaluated on the same theoretical basis.

For the InAs/InAsSb type-II superlattice corresponding to sample B, the calculated ground-state
transition energy varies from 102.181 to 113.739 meV across the first Brillouin zone, while the electron—
heavy-hole envelope-function overlap squared decreases from 0.1018 to nearly zero. The calculated
absorption threshold of 102.181 meV differs from the experimentally reported onset of 103 meV by
approximately 0.82 meV. The structural and band-edge parameters used in this calculation were derived
from the spectroscopic-ellipsometry and photoluminescence data reported in Ref. [27], whereas the
calculated absorption plateau of 523.1cm™! shows reasonable agreement with the room-temperature
experimental value of 456cm™! reported in Ref. [18]. The reanalysis of the published A-J sample data
further confirms a strong relationship between the ground-state absorption coefficient and the squared
electron—heavy-hole overlap.

These results demonstrate that the near-edge infrared response of a type-II superlattice is governed
jointly by the miniband transition-energy distribution and the spatial overlap of the electron and heavy-hole
envelope functions. This interpretation is consistent with recent studies showing that miniband engineering



plays a central role in determining the optical absorption and device-relevant characteristics of type-II
superlattice absorbers [21]. The proposed framework may therefore serve as a physically transparent first-
order tool for analysing quantum-confined infrared absorbers and related optoelectronic heterostructures.

The present formulation is restricted to single-particle interband transitions. Further development of
the model should include strain, band nonparabolicity, multiband coupling, excitonic effects, interface
roughness, alloy disorder, and internal electric fields. The incorporation of interband multiphoton processes
and field-dependent optical interactions may additionally extend the model to high-field and nonlinear
semiconductor optics [31].
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